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CN , Abstract 

, Abstract. In this paper, we prove a well-posedness theorem for 

the massive wave equation (with the mass satisfying the Breitenlohner- 
Freedman bound) on asymptotically anti-de Sitter spaces. The solution 
is constructed as a limit of solutions to an initial boundary value prob- 
ed ■ lem with boundary at a finite location in spacetime by finally pushing 

the boundary out to infinity. The solution obtained is unique within the 
. energy class (but non-unique if the decay at infinity is weakened). 

cr 

tJ)! 1 Introduction 
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In Q] , the author obtained uniform global bounds for a class of solutions to the 



massive wave equation 

O- n s v-c4v> = o (i) 

C , on any black hole spacetime suitably close to a slowly rotating Kerr-AdS solution 

provided the spacetime admitted a Killing field on the black hole exterior which 
C*") , is everywhere causal and null on the horizon. The more elementary issue of well- 

■ posedness of ([T]) on these backgrounds was not discussed in the aforementioned 

paper. Instead, we assumed the existence of solutions to (|T|) arising from suitably 
regular initial data and exhibiting a sufficiently strong decay at null-infinity for 
our argument to work. The main purpose of this paper is to prove the existence 
of such solutions, indeed, the well-posedness of a suitable initial value problem. 
\ We direct the reader to section 8.4 of [5] and to the previous paper [T| for 

further background. We also refer to the recent work of Vasy [5] for related local 
and global well-posedness results on asymptotically AdS spacetimes (including 
a detailed description of the propagation of singularities) using in particular 
tools from microlocal analysis. 

The reason that even the well-posedness question is non-trivial arises from 
the fact that asymptotically AdS spacetimes arc not globally hyperbolic. To 
make hyperbolic equations like ([T]) well-posed on such backgrounds, in general, 
boundary conditions will have to be imposed on the timelike boundary at infin- 
ity, commonly referred to as "scri" and denoted X. It turns out that existence 
and uniqueness is particularly subtle in the range of "negative mass" < a < f , 
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as was first observed in the pioneering work of Brcitcnlohner and Freedman [3] 
by a mode analysis on exactly AdS spacetimes. For this case, Bachelot [5] fi- 
nally proved that, in the range 4 < a < | , infinitely many solutions of Q} exist, 
depending on boundary conditions, while for a < |, the problem is well-posed, 
provided the spherically symmetric mode is subtracted. Since this rather sur- 
prising behavior is a consequence of the timclikc boundary at infinity, one may 
expect to establish a well-poscdncss statement not only for pure AdS but for all 
asymptotically AdS spacetimes. This is carried out in the present paper. 

While the work of [5] studies the problem in the realm of scattering theory 
and self-adjoint extensions of operators, the approach taken here is entirely 
based on energy estimates. In this context, we prove a wcll-posedncss statement 
for the complete range a < |, with the solution being unique in the energy class. 
Key is the observation that the non- uniqueness revealed in [5] and [J stems from 
solutions which do not satisfy the energy estimate, or more precisely, solutions 
whose 9t-energy-flux through I is infinite. In other words, the solution we 
construct for the given initial boundary value problem is unique in a class of 
solutions which decay sufficiently rapidly at infinity. 

The actual construction of the solutions is carried out in what we will call 
an asymptotically AdS patch near infinity. This is sufficient because the well- 
poscdness statement for the boundary initial value problem in the patch can then 
be combined with elementary global considerations involving domain of depen- 
dence arguments (cf. section ISTTj) to establish a spatially global well-posedness 
statement for a suitable class of spacetimes. 

With such an asymptotically AdS patch being fixed, note that the boundary 
initial value problem with the boundary located somewhere inside the spacetime 
patch can be solved using standard techniques, as the weights in r (r being a 
radial coordinate) remain bounded everywhere. With this in mind, we construct 
a sequence of timelike boundaries Bi which approach the timclikc hypcrsurface 
X in the limit i — > oo and consider the sequence of solutions Si associated 
with each initial boundary value problem. Now the crucial observation is that 
actually, stronger r-weightcd norms than the ones arising from the energy are 
propagated by the equation. In this way, we establish improved uniform (in 
i) r- weighted estimates for each solution Si. Finally, we compare two such 
solutions in the region where they are both defined and establish convergence 
in the energy norm using the improved uniform estimates mentioned above. 

Here is an outline of the paper. In section [5] we define the notion of an 
asymptotically AdS patch near infinity (which, in particular, imposes suitable 
decay assumptions on the metric) which provides the arena in which we are going 
to prove the well-poscdness statement. Section [3] defines various r-weightcd 
Sobolev norms that we are going to use. Certain elliptic estimates on spacelike 
slices, which will be used later in the argument, are derived in section 2] After 
defining the class of initial data in section[51 the main theorem is stated in section 
|6j Its proof is reduced to a key proposition, Proposition 16.11 which we prove 
in section [7] using the limiting procedure outlined above. In the final section 
HI we globalize our well-posedness result in the asymptotically AdS patch to a 
spatially global statement for a suitable class of spacetimes (cf. section ISTTj) . As 
an afterthought we also discuss the regularity of the metric required in the case 
of spherical symmetry. This will be important for the applications of this paper 
to the non- linear setting of [BJ. 
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2 Asymptotically AdS spacetimes 



From the extensive literature on asymptotically AdS spacetimes (cf. for instance 
[7J|H]), we are going to distill the following definition, which is most useful for 
our purposes. It is to be thought of as defining a patch of spacetime near the 
timelike boundary at infinity. 



Definition 2.1. We call the Lorentzian manifold \T>,gj an asymptotically AdS 
spacetime patch with cosmological constant A = — if the following holds: 

(I) T> is topologically [0, T] x [R, oo) x S 2 . It is covered by a coordinate system 
(t,r,Xi,yi) (i = 1,2 being two coordinate patches covering the spheres) 
such that hypersurfaces of constant t foliate T> and are spacelike. We 
denote them by E t . Moreover, any surface T, t is itself foliated by 2-spheres 
S 2 r . The boundary of the region T> is given by the slice £o (in the past), 
the slice £t (in the future) and the timelike hypersurface Bo, which is 
generated by the integral curves of the vectorfield dt emanating from the 
sphere S 2 ^. Finally, all hypersurfaces of constant r are timelike in T>. 

(II) In the coordinates (t, r, Xi, yi), the metric g, which is assumed to be smooth, 
has the following asymptotic behavior (A, B € {xi,yi}): 
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where (f s2 denotes the standard metric on the round 2-sphere. For the 
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We assume similar decay for derivatives of the metric functions with each 
r -derivative lowering the powers of r by one. For instance, 



d r gtt = -2 



a 



1 



id d t g t t = O 



(3) 



Remark 2.1. Note that the Kerr-AdS metric in the standard Boyer-Lindquist 
coordinates does not obey the fall- off imposed by (II). However, one can do a 
coordinate transformation jTjj leading to a system which admits the decay stated 
above. For the purpose of the existence proof below, one can in fact work with 
much weaker decay but we will not spell out the minimal assumptions here. 
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Remark 2.2. With these assumptions on the metric one shows that there exist 
future complete outgoing null- geodesies in T> which emanate from So- The limit 
endpoints of such geodesies are not in T> but they can, at least formally, be 
parametrized as (t,r = oo, Xi,yi), an ideal timelike boundary commonly referred 
to as I. 

For future reference, we also collect the estimates for the spactime volume 
form and the volume form induced on the slices St. This can be computed from 
(II) above. For convenience, we choose the coordinates Xi,yi on the Sf r such 



that r 2 ^Jf/l S 2 = r2 holds if S 2 r is equipped with the round metric 
this choice we have 



1 S 2 



v| 



1 



< 



c 



and 



h 



1 



< 



C 



With 



(4) 



respectively (while in general, "1" is to be replaced by ^J<f s2 ). Here and in 
the following, C denotes a uniform constant depending only on the background 
{T>,g), which we will from now on regard as being fixed. 



2.1 The boundaries Bi 

Let ri = 2 l • R for i a non-negative integer and R > R a large constant. Let us 
define the restrictions 



V = f> n {r > R} 



S t = t t n {r > R} 



(5) 



The domain T> (for a suitable choice of R, which will me made below and depend 
only on the fixed asymptotically AdS spacetime patch (T>,g)) is the domain in 
which we are going to prove a well-posedness statement below. 

Consider next the integral curves of the vectorfield dt emanating from So H 
{r = r^: They generate a three-dimensional timelike hypersurface of constant 
r = Ti, which we will call Bi. As r; — > oo, the ideal boundary X is approached. 



B 



i+l 



A computation reveals that 

• the spacelike hypersurfaces S t have normal 
I 



n Et = \- + a(t,r,x,y)j d t + b(t,r,x,y) d r + c (t,r,x,y)d A (6) 

with the estimate r 3 \a\ + r 2 \b\ + r 4 \c A \ < C. 
• the timelike hypersurfaces Bi have normal 

n B% = + b (t, r, x, y)) d r + a (t, r, x, y) d t + c A (t, r, x, y) d A (7) 



with the estimate r 4 |a| + r\b\ + r 5 \c A \ < C 
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We denote by T>i the subset of D that lies to the the inside of the cylinder 
Bi, i.e Vi = V n {r < rj. Finally, Ej = E t n Pj. 



2.2 Approximate Killing fields near infinity 

We have the following formula for the deformation tensor of a vectorfield X: 

2 ( - x) w ab = g ac d c X b + g bd d d X a + g ac g bd g cdJ X f . (8) 

Using the decay of the metric components near infinity one deduces that the 
vectorfield dt is approximately Killing near infinity, in the sense that its defor- 
mation tensor satisfies 

pV*| r 5 + p< V'>3 + |(a t)7r M| r 5 + |(S t )^,| r + \&) n TA\ r 4 + |(0 t )^S| r 5 < c 

(9) 

3 The norms 

For any real number s and n = 0, 1, 2 we define the weighted Sobolcv spaces 



Fr s (E):={v>effr oc (£) , W^.y E) <oo} 
with the norms defined as follows: 



H Ads(' S 



= / r s i\) 2 r 2 dr dio , 



r 2 (a r ^r + iyvi 2 +?A 2 



(10) 

(11) 
(12) 



r 4 (9 r a r ^) 2 + r 2 |y^| 2 + I^^VI 2 
+r 2 (d r i/)) 2 + \fi/j\ 2 + 



r 2 dr duj . 



(13) 



where dui = dxdy, and l^?/^ 2 denotes the norm induced on the S 2 r with V 
being the gradient of the induced metric. Note that in view of the closeness 
assumptions on the metric, the angular norm using the actual induced metric 
is equivalent to the one using the round metric. 

Remark 3.1. The reader should note that, at least for s = 0, these norms 
have their origin in the standard energy estimate arising from the approximate 
Killing field dt, cf. f^3|) and |^5[). For instance, one easily sees 



T[V>] (dt,n St ) ^/g^drdu < C IMIh 1 . ,,^) + P^Wh -- 2 ^) ■ ( 14 ) 

^ AdS* ' AdS * ' 

The additional r-weight is motivated by certain weighted elliptic estimates to be 
proven later. 



5 



4 Some elliptic estimates 

An important element of the proof will be (weighted) elliptic estimates derived 
from the elliptic part of the wave operator on the spacelike slices S r . Such 
estimates will allow us to essentially estimate all derivatives from estimates 
on the time derivatives. The difficulty here lies in the understanding of the 
admissible r-weights. 



Lemma 4.1. The space of smooth functions with compact support in T, is dense 

T m.s 
*AdS 



Proof. Let 4> e H™f s (E) and e > be given. Recall that n = 2 l R and let Xi ( r ) 
be a smooth bounded non-negative function, which is equal to 1 for r < 2 l R 
and equal to zero on [2 t+1 R, oo). It is easy to see that x-n can be chosen such 
that |<9™Xi| < 7^r for any non-negative integer m: Simply smooth the piecewise 
linear function 

!1 if r < 2 l R, 

2-^ iiTR<r<T +1 R, 
iir>2 i+1 R. 

Define <f>i = Xi i r ) ' I n view of the condition on the derivatives of Xi> 
<fii G Hjids (^) an< ^ moreover, 4>i is of compact support. In addition, 

W^i - ^llff^^S) = \\4>i - <P\\Hiy s (Zn{2'R<r<2*+iR}) + II 011 H™f s (En{r>2'+1 fl}) 
- W&W H™f s (?,n{2* + 1 R}) + \\4>\\H™/ s (Zn{r>2*R}) 

< Cm||0|| ff™ ( jJ(Sn{r>2 i fl}) < 2 

for i sufficiently largcQ This shows that <j) € H™^ s s (£) can be approximated 
by functions of compact support in H™^ 8 S (S). By a standard mollifying argu- 
ment we can smooth </> and hence approximate within e in the space of smooth 
functions of compact support. □ 



Recall that C is a uniform constant depending only on the fixed asymptoti- 
cally AdS spacetime. 

Lemma 4.2. Let s > 0. For any %p £ H l ^ s (S r ) we have the Hardy inequality 



— ( ^r" y/gdrdui + c I 



r 2+s (d r iPY drduj 

<7^— 2/ V99 rr (dr^) 2 r s drdcu (15) 
(3 + s) je t 

provided that R (defining S T in (5$) is chosen sufficiently large depending only 
on the fixed asymptotically AdS spacetime. Here c > is a uniform constant. 



lr The series J2iLo 11011^™,= ( En {2>fl<r<2>+iii}) convcr S cs > sincc 4> e H AdS ( S )- This im " 

=0 ll# 

^JV+fe 



plies that the sequence of partial sums ^2fL ||0||^m,s ^ sn {2*fl< <2 i + 1 fl}) ' s Cauchy. Thus 



for any e > there exists an N. such that Y\ "t? ||<A|| 2 m . , , . ..,,.< e for all k. 

1 <^i = N MVII jj™^ (En{2« R<r<2' + 1 R}) 



() 



Proof. Since the functions of compact support are dense in H^ s (S T ), it suffices 
to establish the estimate for this class. In that case, there is no boundary term 
at infinity in the integration by parts. Hence we find using Cauchy-Schwarz 
(and the fact that the boundary term at r = R has a good sign) 



ip r s y/gdrdoj < 



4 [ 


"(3 + S ) 2 ^ 2 " 


(3 + s) 2 Je t 





(d r ip) 2 drdut , (16) 



where Q s satisfies d r Q a = r s \fg. The Lemma now follows by observing that with 



3 + s 



the asymptotics of the metric we have \Q S \ < + Cr s lnr and hence 
(3 + .s) 2 Ql < r 6+2s + Cr 3+2s In r < I 2 ■ r 2s ■ r 4 + I )- -l 2 r i+2s 



< 



J 2 J 2 
Z 2 r 2s ((Vff) 2 + O (r)) (<T + O (r- 1 )) - Vr 4 



< i 2 ■ g rr (Vgf r2s ~ \l 2 -r A+2s (17) 

in T>, provided R is chosen sufficiently large. □ 

The next proposition regards the solutions to an elliptic equation. The 
operator is the elliptic part of the wave operator: 

Lip := ^ dr-^ilc) + -Ld t (g^y/g) d,i> + ^ (18) 
with Roman indices ranging over r,x,y and a < |. 

Proposition 4.1. Lei J 7 e H^ s (E T ) /or a// s < V9 - 4a. On arai/ spacelike 
slice S T C I?, i/ie elliptic problem 

!Lip = J- in S r 
V> = /or r4oo (19) 
V> = at r = R 

has a unique solution in (S r ), < s < y^9 — 4a satisfying the estimate 



M 2 H 2, S (S) <C S T 2 r 2+S drdiu (20) 

provided that R is sufficiently large depending only on the fixed asymptotically 
AdS spacetime. 

Remark 4.1. Observe that membership in the space H^ds (^t) already imposes 
strong r-decay at infinity. The solution is non-unique if this decay is weakened. 
For instance, one checks that for a = 2 and g being the pure- AdS metric ( with 
1 = 1, say) ip — ~ + C2arc ^ ot ( r ) defines a two parameter family of solutions to 
LiJj = with both branches decaying to zero. Hence there is non-uniqueness of 
(ELP) in the class of solutions vanishing at infinity (while only the C2-branch 
lives in H^ s (S r )). 
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Proof. The solution may be obtained as a sequence of solutions to the finite 
problem 

{Ltpi = T in E* 
ipi = for r = 2 l R (21) 
^ = at r = R 

The existence of a unique £f 2 -solution to (ELPi) is obtained by standard meth- 
ods as E^. is compact, the weights in r are bounded and the operator L has 
trivial kernel, cf. footnote [5]) . We will show that any iJ 2 -solution to (ELP)i 
satisfies the weighted estimate 



( ^,<C S / F 2 r 2+S drdu (22) 



for a uniform C s not depending on i. To show (f2"2")l , we first establish^ 

HVilll i.. fEM <C a I F 2 r 2+S drduj. (23) 



Integrating by parts yields 
C 



[ F 2 r 2+S drduj + e ( ^j 2 r 2+s drduj > - f Tyfgr^idrdw = 
L^i^/gr s ipidrduj = / g rr (d r ipi) 2 + g AB dAipid B ^i r s \fgdrdu 

drdwr 8 ft + / g^dA^dr^r^drduj (24) 

./£* 

for any e > 0. Note that the boundary terms vanish in view of ipi — at both 
boundaries. For the last line in (|24p we observe that |ft (g tr ^) | < — and 
\dt {g tA \/g) | < as well as |<? rA | < pr for a constant depending only on the 
fixed background. 

The inequality (j23|) would follow if we can absorb the last two lines of ((24)) 
(and the e-term on the left) by the positive derivative terms in the second line. 
For s = 0, this is immediate by Lemma l4~2"l One uses the "good" derivative term 
on the left of (fT5]) to absorb (exploiting the strong r-decay as a smallness factor) 
the ^^v-terms arising from the last line in (|24[) . while the angular derivatives 
in the second line (and again the good term in Lemma R~2"j) absorb the terms of 
the form ip^pA- Finally, the terms of the form 8a "0ft V 1 are absorbed in a similar 
fashion. Note that e — > for s —> y/9 — 4a. 

With ([231) established for s = 0, it suffices to absorb zeroth order terms in 
(pM)) which have stronger r- weights than J r 2 ipfdrduj, since the latter are already 
controlled by the estimate for s = 0. In particular, for s < 2, it suffices to show 
the Hardy inequality 



1 

r- 



a + -s (s + 3) 



r s ^gi/j 2 drduj < I g rr {d r ipi) 2 r 2+s ^/gdrdu . (25) 



2 Note that this immediately implies that the kernel of L is trivial and therefore, by the 
Fredholm alternative, the existence of a unique weak solution to problem (ELPi). 



8 



Repeating once more the proof of Lemma 14.21 one finds that this holds for 
s < ^9 - 4a. This establishes ((231) for s < min (2, y/9 — 4a). But then, if 
V9 — 4a > 2 it suffices to absorb zeroth the zeroth order terms in (|2"4"]l . which 
have stronger weights than J r 4 ~ s ijj'fdrduj. Hence it again suffices to establish 
(f2~5j) . which we have seen holds for s < \/9 — 4a. This proves (j2"3"|) for the full 
range < s < — Act. 

To prove (f2"2"j) given the weighted (f2U]) is then fairly standard. We sketch the 
argument of Evans [S] (pp 317). Consider the tangential part of L, 

Vi = -^pdA {^g AB d B iP t ) . (26) 

One can construct a finite differences approximation of Vi, which is seen to be 
in H 1 (EJ.) because ip vanishes on the boundary and only "derivatives" (finite 
differences) tangential to the the boundary are involved. To emphasize the meat 
of the argument, we will work with Vi itself and pretend we have enough regu- 
larity to justify the following integration by parts (see [§] for the computation 
in terms of the finite differences approximation). We integrate the first term in 
the identity 

/ V9 rS [g kl dk^PidiVi + Vi (terms involving ipi or dipi)] drduj = I \fgr & PFvidrdui 

by parts, moving the angular derivative in Vi onto ipi. This establishes 

/ s/9r s g kl g AB d A d k i> i d B d l iP i <C S f T 2 r 2+s drdio , (27) 

where we used that ipi and first derivatives of ipi arc already controlled in the 
weighted norm (|23[1 and that one can always borrow a little bit of the ^j-norm 
from the main term on the left of (|2"T)) . Finally, one estimates the missing 
rr-derivative from writing 

g rr d r d r ipi = Lip + terms already estimated by (|2"3"f and ([2"T)l (28) 



to prove the full ([22]) . 

We now show that our sequence of solutions ipi to the problem (ELPi) 
convergences strongly in H^ s to a solution of the original problem (ELP). 

For this wc consider the difference of two solutions ipi^ — ipi — ipi+k for any 
k > 0. The latter satisfies Lipi^ = in the region H l T , ipi^ — on r — R, while 
at r — 2 l R the quantity ipi^ is equal to the trace of the solution ipi+k on this 
boundary. We introduce the following cut-off version of ipi+k : F° r anv k > 0, 
ipf +k = (1 — Xi-i ( r )) 'ipi+k where %% was defined in Lemma I4TT1 Note that ipf +k 
agrees with ipi+k for r > 2 Z R, while it vanishes for r < 2 l ~ 1 R. Clearly, 

||# +fc ||^ s(s , +fc) < C|l^ +fc ||^ s ( S t+ fc n { ,>2*- lfl }) ■ ( 29 ) 

It follows that we have L (ipt,k — ^Pf+k) = ~Lipf +k in with the quantity in 
the brackets satisfying trivial boundary conditions on both boundaries. From 
this equation one derives (as before) the estimate 

WiM\ 2 H ^ s(K) < GH^II^^n^-^) (30) 
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for any k > 0. We estimate the last term by setting s = s + | (a/9 — 4a — s) < 
y9 — 4a and estimating 

ll^+fc|lff3.* s (Et+*n{r>2*-iii}) ^ ( 2 ^ li? ) S S |l^+fcll^ s (s^+ fc ) 

<C s (2^^) s - S ||^||^ |s(St) 

for any fc > 0, where the uniform estimate (|2"2")) has been used. Clearly, the 
right hand side goes to zero as i — > oo. This establishes the existence of an 
if 2 ' s -solution to problem (ELP). 

Finally, we show that any solution to (ELP) living in (£ T ) is unique. 

For this we have to show that (ELP) for T = admits only the zero solution. 
Consider the difference of two solutions ip = ip\ — ip2, which satisfies Lip = and 
vanishes at infinity and at the boundary. Multiply this by y/gtp and integrate 
by parts over S* . This yields (repeating the computations above) 

^ H Yls(K) ~ H^ 1 H^ d ° s (S T n{r>2-ifl}) + \H'-2\\H 2 A dS (^n{ r >2'-iR}) > ( 31 ) 

where the terms on the right appear from estimating the boundary term at 
r = 2 i R arising in the integration by parts. Since ipi, ip2 are in H^ ds (£ r ), the 
right hand side goes to zero as i — > oo establishing that ip = 0. □ 

For the finite problem with non-trivial boundary conditions we can show 

Proposition 4.2. Let T G H°> s (S T ) and u G H 2 > s (S T ) for any < s < 
y/9 — Act be given. Then on any spacelike slice H\ C T>, the elliptic problem 

Lip = T in S; 
(ELP U ) = { V = u|r=2*i? on r = 2 l R (32) 
ip = on r = R 

has a unique solution in H 2,s (S*) satisfying the estimate 

2 ^- - / 1 / T"2 2+s 



IHI^ s(s * ) < C S Jy] t ^ ^ + CM k^n {r >»-i R}) ■ (33) 

provided that R ( defining T> as in {3P J is chosen sufficiently large depending only 
on the fixed asymtotically AdS spacetime. 



Note that the trace of u on the boundary is well-defined in (j32|) . Note also 
that in the limit as i — > oo one obtains the result of the previous proposition. 

Proof. Define the function ft = (1 — ( r )) u > where Xi is t ne cut-off function 
defined in the proof of Lemma [4.11 Note that u vanishes for r < 2 % ~ 1 R and 
agrees with u for r > 2 l R. Moreover, ||w|| H ^(E T ) ^ C IMIff^ s (£ T n{r>2--ii?})- 
We can hence consider the problem L(ip — u) = J- — Lu with trivial boundary 
conditions, which has already been dealt with in Proposition ^. II □ 

We will, from now on, regard the constant R (and hence the domain 2?, 
cf. (J5J) as fixed, in particular so that all results of section @] are true. 
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5 The initial data 

Definition 5.1. An H 2 -initial data set consist of a triple (u,v,w) where v G 
Hj^ ds (So)j w G H^jg (So) are the free data, and u is the unique H^® s - solution 
vanishing at infinity of the elliptic equation ( cf. Proposition \4-l\ l 

Lu = --j=d t {g tt Jg) v - g u ■ w - 2g^d v - [g^^g) v=:T Q . (34) 

Note that with the assumptions on v and w, the right hand side of (IMl) is 
in fact in H^ ds (So). By Proposition 14. II we obtain that u G H^ dS (So) for any 
< s < min (V9 — 4a, 2) with the estimate 

\\u\\ 2 H 2. s (y . < C S \\T \\ 2 H „, 2 < C s (\\v\\ 2 Hl , + 2 ) . (35) 

We now define a sequence approximating the data. Namely, since v G H^ ds (So) 
and u> G H^ dS (So), we can approximate v and w by a sequence of smooth 
functions of compact support, v„ , w n in their respective spaces. The associated 
(by (|34[0 solution u n then converges to u in H^ ds (So). Note that b„ does noi 
have compact support. We summarize this as 

(u n , v n , w n ) -> (u, v, w) in H 2 / ds (S ) x H)$ s (S ) x (S ) (36) 

In particular, the estimate Q35p also holds for the approximating sequence. 

Remark 5.1. The underlying reason for constructing the data in this fashion 
instead of specifying u and v as the free data is that even if u G H^ds (^o) an d 
v G Hjl ds (So), the expression Lu ( and hence w) is not necessarily in H^ds (^°) 
because of the asymptotically AdS r-weights in the metric. The improved decay 
for Lu therefore has to be imposed initially, which is achieved by the above 
construction. Requiring w G is in turn necessary, since this is what will 

be propagated by the (commuted) energy estimate. 



6 The theorem 

Let (T>, g) be an asymptotically AdS spacetime patch as defined in section [5] 
and recall that R has been chosen such that the estimates of section 4 hold. 
Given an iJ 2 -initial data set (u,v,w), consider the following initial boundary 
value problem with Dirichlet boundary conditions: 

C □ ff V-fV' = in 2? 
V = < V = on X and B (37) 

[ V'lEo = u > d tip\^o = v - 

We have the following well-posedness statement: 

Theorem 6.1. Let a < | . Given an H 2 -initial data set (u,v,w), there ex- 
ists a solution ip (t, x) to the initial boundary value problem V in T> with the 

property that $ G C ([0, T] , H 2 / ds (S T )) ,WeC ([0, T] , H\% (S t )) , d t d t ^ G 
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C ^[0, T] , H^dS (S r )J for any < s < min (2, y/9 — 4a) and satisfying the 
estimate 

ll^ll^y St ) + ll^ll^ s ( St ) + IIWII 2 ff -( S o 

^(^C-^^ + ll-ll^^,)^ 4 - (38) 

Theorem 6.2. Under the assumptions of Theorem \6.1[ the solution ip is unique 
within the class of functions in C ^[0, T] , (E r 

We will prove Theorem 16. II by proving the same statement for any member 
of the sequence of approximating data, (u n , v n ,w n ) — > (it, v, w), and then argue 
by density. 



Theorem 6.3. The statement of Theorem \ 6.1\ is true for any member of the 
approximating sequence (u n ,v n ,w n ) —¥ (u,v,w). In particular, the constant C s 
in \38\) does not depend on n. 



Clearly, Theorcm l6.3l implics Theorem l6.ll The former will in turn be proven 
as follows. Fix n. We extend the function u n from Eo to T> by imposing that 
it is constant along the integral curves of dt- We will call this function also u n . 
Consider then the sequence of boundary initial value problems 

Ogipi — pipi = in T>i 

ipi = u n \B i on Bi and ipi = on Bq (39) 
i>i\-z = u n , d t ipi\-£ = v n 

with i so large that v n ,w n are not supported for r > 2 l R. For Vi we prove 

Proposition 6.1. The (smooth, unique) solution to each V% satisfies the esti- 
mates 

11^11^^) + 11^11^(^ + 11^11^"^) 



<e c s t 



(IKII^, + IKII^,) ■ (4°) 



an 



< c, 



,C s t 



w n \\ 2 „i, , v > + \\r 2 Lv n \\ 2 a .- 2 , . + ||t;„||„i,o (s , (41) 



m 2?^. For £/ie difference of two solutions, tp^k = ipi — ipi+ki we /lave for any 
k > and any < s < s < y/9 — 4a i/ie following estimate in T>i : 

2 , HQ J. l|2 , no a „7,. . II 2 



IIiMhJ^) + 11^*11^^) + II Wwll^^) 
< C(T + l)e^ r (2*-^)^ [lKll^ s(=B) + lk 2 ^n||^o,- 2(Eo) 



+ IK'«ll^ s (Eo) 



(42) 



3 Note that the right hand side of (141ft may go to infinity as n — > oo. However, for fixed n 
it is bounded since v n and io n are of compact support. 
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Assuming the validity of the Proposition, we can prove Theorem l6.3l Indeed, 
for fixed n the square bracket in (|42[) is bounded, since v n , w n are of compact 
support. Hence, together with the factor multiplying the bracket, the right 
hand side goes to zero as i — > oo. It follows that the sequence of solutions ipi is 
Cauchy and converges to a solution of problem V for the initial data (u n ,v n , w„ ) , 
thereby establishing Theorem 16.31 

It remains to prove Proposition ^. II and the uniqueness assertion of Theorem 
16.21 This is carried out in the following section. 



7 Proof of Proposition 16.11 and Theorem 16.21 

Since the region T>i is compact, standard theory produces a unique smooth 
solution. The only difficult part is to derive the three estimates, in particular, 
the correct r-weights appearing in them. We introduce the energy momentum 
tensor of the field ip, 



T M „ [i>] = d^dvi) - hg^y (g^dptpd^ - ^ip' 



(43) 



Since the divergence of T M „ [ip] vanishes for solutions to the wave equation, it 
implies for any spacetime vectorfield X the energy identity 



Integrated over the spacetime region T>i this takes the form 



T M (A, n E ) = / T [ip] (X, n Eo ) + (x ^ir ■ T [iP] 



(44) 



+ 



Lemma 7.1. The solution to Vi satisfies the estimate 



TM(I,ri B J- / T[iP](X,n Bo ) 



(dtipi) drdui 



(45) 



4> 



(d t ipi) drdui 



+C 



||w„||„i,o / Ki \ + / \v n \ drduj 

AdS V J J yii 



+ ll n ".lliJ^ s (E n{r>2«-iR}) 



(46) 



for a uniform C. The term in the second line can be dropped if dt is Killing. 

Proof. Apply identity (|4"ij|) with X = dt- The boundary term on both Bq and 
Bi vanishes in view of the Dirichlet boundary conditions. For the wrong-signed 
zeroth order term on Y,\ we invoke the Hardy inequality (cf. Lemma |4.2[) 



2 l R 



s 2 

2^ 



drduJifjfyJg\z tl g(-dt,n Sti ) = j ^drdaiipfy/g 



< 



drdcu (d r ipi) 2 yfgg T 



l U ™llff^° s (S n{r>2-ii?.}) ' 



(47) 
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where the last term enters from estimating the boundary term J S 2 rfipfduj 

which arises in the integration by parts: We use that ipi is equal to the trace of 
the function u n on Bi by the boundary condition imposed. □ 

Next we commute with the vectorfield cV We note (cf. the appendix of [2]) 

Lemma 7.2. Let if) be a solution of the equation O g ip = f andX be a vectorfield. 
Then 



D g {XiP)=X{f)+C{XiP} 
C [Xip] = -2 (x) 7r Q,3 V Q V pip - 2 



2V 



7T a „ - V„ ( ir (X) 7T 



Applying the Lemma with X = dt and using the decay assumptions on the 
deformation tensor and its derivatives, we obtain the analogue of (|4*51) : 



c r* , 

< — dr 



R J a 



\dtA\\ 2 H 



(dtd t ipi) drduj 



(dtdtipi) drdui 



-C 



\\Vn\\ 2 H i,o / El N + ||w n ||^o,-2/ s ,N . (48) 

n AdS\^o) n AdS V 0/- 



The boxed term arises from the commutation error-term of Lemma 17.21 The 
entire second line vanishes if dt is Killing. 

Observe that this estimate does not involve the last term in This is 

because dtipi vanishes in the trace sense on both boundaries Bo,Bi and hence 
the boundary terms in the Hardy inequality for dtipi all vanish. 

Note also that the L 2 -norm of dtip on the left hand side now has a stronger 
r- weight than in (|4l)|) : The latter only controls J {dtip) 2 dr duo while the right 
hand side of (|4"8|) controls J {dtip) 2 r 2 drduj. 

The missing derivatives on the left of (|48|) are obtained via elliptic estimates 
for the solution. We write the wave equation O g ip + pip = as 



Lip t = F t [ipi] , 
where the operator L was defined in (fT5)l and 



(49) 



Ft bPi] = ~9t (g u Vg) dti>i - 9 U ■ d t d t iPi - 2g tj d j d t ip i - -Lfl, (g tj ^g) d t ^ 
\9 v 9 



Using the asymptotic behaviour of the metric coefheients, we obtain that 



/ \F t [ipi] \ 2 r 2 r s drduj < C 



^ t ^H 1 A ° s {^i) + / .(dtdtipi) drdu 



(50) 



holds for any s < 2. Hence from Proposition 14.21 we conclude (taking into 
account that ipi is equal to the trace of the function u n on the boundary) 



l a *^lli?i'° s (E«) + / i^dtipi) drdtu 

+^\\ u n\\H^ s CS n{r>2*- 1 R}) 
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for any s < min (2, \/9 — 4a) , where the constant may blow up as s approaches 
this value. For the last term we can invoke the estimate (|3"5)) . Finally, adding 
the estimates (f5Tj) . (J5SJ) and P75)) we obtain the first estimate of Proposition l6.ll 
after applying Gronwall's inequality. The second estimate of Proposition 16.11 
follows by commuting the wave equation once more with dt. This will produce 
(cf. Lemma T7.2p 



□ B (cW*) + p {dtdrfi) = d t C [d^} + C [d t dM , 



(52) 



with the right hand side vanishing in the case that dt is Killing. In general we 
have the error-estimate 



(\d t C [dtfa] | 2 + \C [dtdtifn] | 2 ) y/gr'dtdrdu 



< 



\d t d t ipi\\ 2 H i.a , yi s + \\d t d t dtiJi\\ 2 H o,-2 (Ti , + \\d t tpi\\ 2 H 2,o (yi , (53) 



as a consequence of the asymptotic decay of the metric and the fact that any 
term containing three derivatives must have at least one ^-derivative in it. With 
this we obtain the analogue of (1481) . 



(d t d t d t ipi) drduj 



C f* , 
< — dr 

~ RJo 



C 



n^Viii^o (&) + \\d t d t d t ^\\ 2 H o^ ( ^ ) + m 2 H2 ,o {EI) + 

AdS T ' n AdS \**t) AdS' t/. 



where all terms on the right hand side except the first two in the third line 
would vanish if <9 t is Killing. The term ||u n || ff 2,o may be dropped in view 

of (|35[) . Turning to the elliptic estimate, this time derived from 



L(dti> i ) = T t [d t il> i \-C[d t i) i ] 
we produce the analogue of (f5"T|) . 



(55) 



(56) 



Note that the last term in (|5"Tj) is absent for ([55)) . This is because dfipi vanishes 
on Bi (whereas ipt did not). Combining (flyfj) and ([56")) one arrives at (pfTj) after 
applying Gronwall's inequality. 

It remains to derive estimates for the difference of two solutions. For this, we 
will first establish (|62j) . Another commutation and the same argument repeated 
will eventually yield (112"1) . 

For any k > 0, the difference of two solutions arising from problem Vi and 
Vi+k respectively satisfies 



a ~ 



Ogipi^ + p^i,k = with %l>i tk =ipi- tpi+k 



(57) 
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in T>i. The initial data is vanishing, as is the boundary data on Bq. The 
boundary data on Bi, on the other hand, is equal to u n \ Bi minus the trace of 
the solution Vi+k induced on that boundary. Hence we will obtain the energy 
estimate 



ll^llH^(=0 + ll ^ i - fcl|2 « O x--/(=0 



< 



c 

R 



dt 



*Wh^ s ( E |) + II^H<.-/(i:;) 



C 



T 



(dt,n Bi ) .(58) 



For the boundary term in (|58[) we will use that every ipi is in H^ s (S|) and dtipi 
is in H^ ds (Sj): Let Xi-i ( r ) = 1 — Xi-i ( r ) (recall x% ( r ) defined in the proof 
of Lemma l4.1j) . which is 1 on Bi and on Bi^i and satisfies \x' i _ 1 (r) \ < — . 
Applying the energy identity (|44p in the region X>j \ 2?i_i with the vectorficld 
X = Xi-l ' leads to 



i-iT 



Xi-i (T V-T 



From this we derive the estimate 



(Xi 



X>i\X>i_i 



(59) 



9* Ui, k ) n Bi Ui,k) <C{2 i - 1 R) f (T+l) sup 

V / \ / tern 1 



t£[0,T] 



(60) 



Note that the right hand side goes to zero for i — ¥ oo, since the square bracket 
is uniformly bounded from initial data by the first estimate of Proposition 16. II 
The only difficult term to control in order to obtain the previous estimate is the 
last term in (l59l). with the contraction taken in r. It is estimated 



T>i\T>i- 



(xi-i), r 



< c 



dtdrdio 
dtdrduj 



<C ■ T ■ r-4 sup 

te[o,T] 



I^Hh- s ( S ;) + II^ii^,o s(s0 



"H^IU- s ( S + l|9t ^ +fc|l ^ s ( S i) 



(61) 



Remark 7.1. 7Vo£e i/iai, w/iite feeing of the same order of derivatives, the term 
in the second line of i61\) cannot be controlled by the energy norm we are esti- 
mating on the left hand side of 158\) as the r-weight of that term is too strong. 

Indeed, the first order energy only controls J [dt^i,k^ drduj, whereas the dt- 
commuted energy controls in particular J [dti^i.k) r 2 drdoj as a zeroth order 
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term, which is what is necessary to control that term. Similarly, the first order 
energy only controls J (^d r ipi.kj r^drduj, while the improved elliptic estimate 

arising from the dt-commuted energy controls J (j) r tpi,kj r i+s dr dui . This ad- 
ditional gain in r -decay provides the smallness factor of r~? in the estimate and 
ensures convergence of the sequence of solutions tpi. 

Combining ([58)1 and ([TO)) yields after inserting ()4T))) and applying Gronwall's 
inequality 



< • T (2*- 1 *)"* [lk|| 2 ff - (So) + ll-n|| 2 ff o,- /(So) 



(62) 



Finally, for (142)) we start from 



dtipi,k 



to derive the analogue of ([35)1 . Because of the inhomogeneity (which vanishes if 
9t is Killing in T>), it now reads 



||3 t ^, fc ||^i.o (&) + \\ d tdti>i,kf H o,-2 ( ^ 

AdS V * / AdS V * / 



-c 



T 



9t^i,k (duriBi) ■ (63) 



with the boxed term taking into account the inhomogeneity and the entire sec- 
ond line vanishing if dt is Killing. For the boundary term on Bi we are going to 
use exactly the same argument as above, now producing the estimate 



T 



b, 



d t ^i,k (d t ,n Bi ) <C •(T+l)-(2 t - 1 i?) 5 sup 

te[o,r] 



ll«l^ s(s|) 



\dM\\ 2 H ^ ds{n) + \Wi+k\\%% s(pi) + wm^wi^^ 



(64) 



Next we write the wave equation for ip^ & in elliptic form on each SJ. We have 



Li>i,k = Ft 



■>pi,k 



in E! 



(65) 



and ipi = on Bq 7 while ipi is equal to u n \is i minus the trace of 4'i+k on Bi 
Hence applying Proposition 14. 21 yields 



\A,k\ 



2 



< c s 



+ C\Wn\\ Hlds[W r>2^R}) + C H'^W H^ s (^ k n{r>2^ R}) ' ^ 
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We note that the last term can be estimated using the uniform estimate (|4T))) . 

<C(*-*R)'-'e°« (ikll^o) + IKIlSr-tfeJ , (67) 

for any 5 with s < s < V9 — 4a. A similar estimate holds from (|35l) for the 
penultimate term in (|66p . We summarize by combining (|66p with (|63p , (|64[) and 
inserting the uniform estimate (|4ip for the square bracket in to arrive at 
the inequality 

f(t)<C s [ f (z) + right hand side of (g2J (68) 
Jo 

for 

/(t) = fell^o + 11^*11^(2*) + \mkk\\ 2 H o,- i{st) . (69) 
Applying Gronwall's inequality to (|7J5|) yields (|4"2")l . 

7.1 Proof of Theorem 16721 

Suppose we have two solutions of V, "0i and "02 living in the spaces of Theorem 
16.11 Consider the wave equation for the difference, ip = ip\ — ip2 , and apply the 
standard energy estimate in T>i. Redoing the computation that lead to (|62p we 
find 

17 fe=l,2 

Since both ipi, ipi are in H^j S , the last term goes to zero as i — > 00 establishing 
that ip = up to some time t* > depending only on the background. One 
can then reiterate the argument finitely many times to establish uniqueness up 
to T. 

7.2 Uniqueness vs Non-Uniqueness 

As for the elliptic problem, uniqueness only holds in the class of H^j S solutions, 
cf. Remark l4.ll We may paraphrase this by saying that there is only one solution 
in the energy class arising from the approximate Killing field dt, as this naturally 
corresponds to the space H^ s . 

This opens the possibility of solutions exhibiting weaker decay at infinity 
but nevertheless satisfying the Dirichlet condition ip = at X. Let us finally 
show that such alternative solutions do indeed exist and consider the case a = 2 
as an example Q 

Example 7.1. We let a = 2 and consider pure AdS as a background with the 
additional assumption of spherical symmetry on ip. The coordinate transforma- 
tion r = ^f^f takes null-infinity to x = and the origin r = to Substituting 

4 The following illustrative example was suggested to me by an anonymous referee of [T]. 
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ip = rip the equation O g ip + 2ip = reduces to the study of the two dimensional 
wave equation 

d?i> = d 2 J, (71) 

with data given on the interval [f ,0]. Let us for the moment forget about the 
boundary condition and instead extend the solution to negative values of x. Solv- 
ing the wave equation with arbitrary data on [— §, -|] at t = 0, say, the solution 
will in general have a non-vanishing trace on the set {t, x — 0}. If we extend the 
solution as an odd function, however, then because the symmetry is preserved in 
evolution, ip will also vanish on x = for all times. Extending the data in two 
different ways we have obtained two different solutions ip\, ip2- However, since 
if) = —, both of the associated solutions ipi and ip2 satisfy the original Dirichlet 
boundary initial value problem. In fact we see that one of the solutions decays 
like (corresponding to the one of Theorem \ 6 '. 1\) . while the other decays only 
like ^ near infinity (and has hence infinite dt-energy flux through I). 

7.3 Improved estimates 

Theorem 16.11 provides us with a unique solution in a weighted iJ 2 -space. Clearly, 
using further commutations one can establish regularity in weighted 7J fc -spaces 
for arbitrary high k, provided this regularity is assumed initially. What is 
perhaps not quite as immediate is that for the range 2 < s < y/9 — 4a higher 
regularity implies an improvement of the r- weight in the -ff^'Jg-norm for if). This 
is seen as follows. Assume 2 < s < y/9 — 4a. Applying Thcorcm lG.ll to the initial 
boundary value problem for \3 g (dtip) = C [dtip] yieldt|j in particular that dtdtip € 
^AdS (^t)- This improves the estimate for the right hand side in the old elliptic 
estimate for ip derived from Lip = J r t[ip]- Indeed, now Tt [ip] € H^ s (T, T ) 
(whereas before we only had dtd t ip 6 H°^g (£ T ) which gave F t [ip] G (S T ), 
cf. ([50)) ). This allows us to apply Proposition 14.11 with the full s < \/9 — 4a 
instead of s < min (2, \/9 — 4a) and establish that ip £ H^dS f° r * ne 
range s < \/9 — 4a. Using Sobolev embedding, we derive the pointwise decay 
bound \\rp\\ < C s ■ r~S~2 s for any s < \/9 — 4a. In this way one retrieves the 
class of solutions considered in [T], Definition 3.1. 

8 Applications 

8.1 Globalizing the result 

Theorem 16.11 can be combined with the usual local well-poscdncss result for 
the wave equation to produce a spatially global well-poscdncss statement for a 
suitable class of spacetimesH 

Assume, for instance, that (M, 9M,i,a ) is a Kerr-AdS spacetimc with space- 
like slice Soi on which data ("00, ip'o) for the massive massive equation are defined 
(with ipo and ip' being constructed as in section [5]) . We first solve the wave 
equation in the domain of dependence of T,q, which is standard. This induces 
(perhaps non-trivial) boundary data on the hypersurface r = R (M, I, a), the R 

5 Strictly speaking, Theorem 16.11 only applies to the homogenous problem. However, the 
right hand side is easily dealt with repeating the estimates carried out in section [7] 
6 In view of the linearity of the wave equation global existence in time is immediate. 
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being as large as required for the results of this paper to apply. Since Theorem 
16.11 obviously also holds with non-trivial Dirichlet data imposed at r = R, we 
can apply it to produce a solution in the full M. n J + (So). Alternatively, if one 
wants to apply Theorem 16 . 1 1 directly (trivial boundary conditions at r = R), one 
can decompose any given data set into a set supported for r < 3R and another 
supported for r > 2R only, such that their sum equals the original data. For the 
latter set one applies Theorem 16.11 By finite speed of propagation the solution 
is actually zero in a neighborhood of r = R for small times and hence may 
trivially be extended by zero to the left. For the first set, the solution in the 
domain of dependence can - for small times - be trivially extended to zero in a 
neighborhood of null-infinity. Adding the two solutions and using the linearity 
of the wave equation one produces the desired global solution for the given data 
in a small time interval. 

Corollary 8.1. If (M,g) is a pure AdS or Kerr-AdS spacetime, then the mas- 
sive wave equation is globally well-posed in the energy space Hj£j S provided 

In fact, is is not hard to see that the result holds for any asymptotically AdS 
spacetime with interior global causal structure similar to one of the cases above. 

8.2 Spherical Symmetry 

The results proven here will be applied in a non-linear spherically-symmetric 
context in [SJ [TO]. With that in view, let us examine the regularity assump- 
tions on the metric required for Theorem 16. II Revisiting the proof carefully, we 
observe that the constant C s in the estimate of Theorcm l6.ll (and in ([40]) respec- 
tively) depends only on second derivatives of the metric (while the constants 
C,C S in the higher order estimates (|4ip and (f4"2"]l require three derivatives). 
More precisely, the metric should be C 1 and we need to be able to estimate 
the error arising from one commutation with the vectorfield dt, C [dtip], which 
gcnerically involves two derivatives of the metric. In the spherically symmetric 
application we have in mind, the metric will be written in null-coordinates it, v 
as 

g = -£l 2 (u,v)dudv + r 2 (u,v)dY, 2 (72) 

with r (it, v) being the area radius and appropriate asymptotic conditions on n 
and r ensuring that the metric is asymptotically AdS. One shows that in this 
setting the components of the deformation tensor of the vectorfield d u +d v (=dt) 
are 

7r uu =7r vv =Q ( 7r ™ = __ 2 _ (fiu + ^ t n AB = }_ g AB {Tu+rv) 

Evaluating the expression from Lemma 17.21 we obtain 

C [B u i> + d v i>] = -^n^dM* - 2 [2d u ir uv - g uv d u (2g uv n uv + g AB ^ AB )] d v yj 

-2 [2d v 7r uv - g w d v (2g uv 7r uv + g AB ^ AB )] d u ^ 
+terms involving one-derivative of ip and/or the metric 

In particular, we note that the expression does not involve second derivatives 
of f2 (but, of course, second derivatives of r). It follows that in the spherically 
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symmetric case, for metrics of the form ([72)1 , Theorem 16.11 holds assuming that 
r is C 2 and Q is C* 1 . 
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